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WEIGHTED SHARING AND UNIQUENESS OF L-FUNCTION WITH CERTAIN
CLASS OF MEROMORPHIC FUNCTION
ABHIJIT BANERJEE AND ARPITA KUNDU
Abstract. The purpose of the paper is to study the uniqueness problem of a L function in the
Selberg class sharing one or two sets with an arbitrary meromorphic function having finite poles.
We manipulate the notion of weighted sharing of sets to improve one result of Yuan-Li-Yi [Value
distribution of L-functions and uniqueness questions of F. Gross, Lithuanian Math. J., 58(2)(2018),
249-262]. More importantly, we have pointed out a number of gaps in all the results of Sahoo-Halder
[Results on L functions and certain uniqueness question of Gross, Lithuanian Math. J., 60(1)(2020),
80-91] which actually makes the validity of the same paper under question. As an attempt to rectify
the results of Sahoo-Halder we have presented the accurate forms and proof of the results in a
compact and convenient manner.
1. introduction
By a meromorphic function we shall always mean a meromorphic function in the complex plane.
We adopt the standard notations of Nevanilinna theory of meromorphic functions as explained in [5].
Let f and g be two non-constant meromorphic functions and let S be a subset of distinct elements
in the complex plane. For some a ∈ C ∪ {∞}, we define Ef (S) = ∪a∈s{z : f(z) − a = 0}, where
each point is counted according to its multiplicity. If we do not count the multiplicity then the set
∪a∈S{z : f(z) − a = 0} is denoted by Ef (S). If Ef (S) = Eg(S) then we say f and g share the S
CM. On the other hand, if Ef (S) = Eg(S) then we say f and g share the S IM. This paper deals
with the uniqueness problems of value sharing and set sharing related to L-functions and an arbitrary
meromorphic function in C.
In 1989, Selberg [13] introduced a new class of Dirichlet series, called the Selberg class, which later
became an important field of research in analytic number theory. In this paper, by an L-function
we mean a Selberg class function with the Riemann zeta function ζ(s) =
∑∞
n=1
1
ns
as the prototype.
The Selberg class S of L-functions is the set of all Dirichlet series L(s) =
∑∞
n=1 a(n)n
−s of a complex
variable s that satisfy the following axioms (see [13]):
(i) Ramanujan hypothesis: a(n)≪ nǫ for every ǫ > 0.
(ii) Analytic continuation: There is a non-negative integer k such that (s − 1)kL(s) is an entire
function of finite order.
(iii) Functional equation: L satisfies a functional equation of type
ΛL(s) = ωΛL(1− s),
where
ΛL(s) = L(s)Q
s
K∏
j=1
Γ(λjs+ νj)
with positive real numbers Q, λj and complex numbers νj , ω with Reνj ≥ 0 and |ω| = 1.
(iv) Euler product hypothesis : L can be written over prime as
L(s) =
∏
p
exp
(
∞∑
k=1
b(pk)/pks
)
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with suitable coefficients b(pk) satisfying b(pk) ≪ pkθ for some θ < 1/2 where the product is taken
over all prime numbers p.
The Ramanujan hypothesis implies that the Dirichlet series L converges absolutely in the half-plane
Re(s) > 1 and then is extended meromorphically. The degree dL of an L-function L is defined to be
dL = 2
K∑
j=1
λj ,
where λj and K are respectively the positive real number and the positive integer as in axiom (iii)
above. For the last couple of years or so, the researchers have given priority to the investigations
on the value distributions of L-functions (see [3], [6], [9], [10], [14]). The value distribution of an
L-function L concerns about the roots of the equation L(s) = c for some c ∈ C∪{∞}. In case we talk
about the sharing of sets by an L-function, we refer the reader to the first paragraph of this paper
where all the definitions discussed also applicable to an L-function. Regarding uniqueness problem
of two L functions, in 2007, Steuding [p. 152, [14] ] proved that the number of shared values can be
reduced significantly. Below we invoke the result.
Theorem A. If two L-functions L1 and L2 with a(1) = 1 share a complex value c (6=∞) CM, then
L1 = L2.
Remark 1.1. Providing a counterexample, Hu and Li [6] have pointed out that Theorem A is not
true when c = 1.
Since L-functions possess meromorphic continuations, it is quite natural to investigate up to which
extent an L-function can share values with an arbitrary meromorphic function. In 2010, Li [9] observed
that Theorem A no longer holds for an L-function and a meromorphic function, which is clear from
the following example.
Example 1.1. For an entire function g, the functions ζ and ζeg share 0 CM, but ζ 6= ζeg.
However, considering two distinct complex values, Li [9] proved the following uniqueness result.
Theorem B. Let f be a meromorphic function in C having finitely many poles, and let a and b be
any two distinct finite complex values. If f and a non-constant L-function L share a CM and b IM,
then f = L.
Next to streamline all the results we are going to demonstrate onward, let us define the two
polynomials P (w), P1(w) as follows:
P (w) = wn + awm + b and P1(w) = w
n + awn−m + b
where a, b ∈ C\{0} and n, m are two positive integers such that gcd(n,m) = 1.
In view of Lemma 2.4 proved afterwards, we see that both P (w) and P1(w) can have at most one
multiple zero. Next corresponding to the polynomials P (w), P1(w), let us define two sets S and S1
as follows:
S = {w : P (w) = 0} = {α1, α2, . . . , αl}(1.1)
and
S1 = {w : P1(w) = 0} = {β1, β2, . . . , βl}(1.2)
where n− 1 ≤ l ≤ n.
Inspired by the famous question of Gross [4] for meromorphic functions, Yuan-Li-Yi [15] proposed
the question “what can be said about the relationship between a meromorphic function f and an
L-function L if f and L share one or two finite sets?” In this respect, to find the relationship between
a meromorphic function f and an L-function L sharing one or two finite sets, Yuan-Li-Yi [15] proved
the following uniqueness result.
Theorem C. [15] Let f be a meromorphic function having finitely many poles in C and let L be a
non-constant L-function. Let S be defined as in (1.1) and n(≥ 5) > m and c ∈ C \ S ∪ {0}. If f and
L share S CM and c IM, then f = L.
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Theorem D. [15] Let f and L be a defined as in Theorem C. Let S be defined as in (1.1) where
n > 2m+ 4. If f and L share S = {w : P (w) = 0} CM, then f = L.
Sahoo-Halder [12] proved a supplementary result corresponding to Theorems C, D for IM sharing.
Sahoo-Halder [12] proved the following result.
Theorem E. [12] Let f be a meromorphic function having finitely many poles in C and L be a
non-constant L-function. Also let S and c be defined same as in Theorem C and n > 4k + 9 where
k = n−m ≥ 1. Then if f and L share S IM and c IM, then f = L.
Theorem F. [12] Let f be a meromorphic function having finitely many poles in C and L be a
non-constant L-function. Let S be given as in (1.1), where n > max{2m + 4, 4k + 9} such that
k = n−m ≥ 1. If f and L share S = {w : P (w) = 0} IM, then f = L.
We now observe some severe errors in [12] as follows:
Remark 1.2. In [12] Sahoo-Halder gave a restriction on choice of m, whereas if we consider the
polynomial for m = 1, 2, . . . then putting m = 1, 2 (k = n− 1, n− 2) we get n > 4n+5 and n > 4n+1
respectively, which is a contradiction. So in general the theorem cease to hold for any arbitrary value of
m (or k). A careful observation shows that n > 4k+9 holds only when 3n+94 < m < n (1 ≤ k ≤
n−10
4 ).
Next in the proof of Theorem E in [12] [p.10, l.10 from bottom] the authors concluded that if f
and L share c IM then P (f) and P (L) also share P (c) IM. With the help of this argument they
finally set up P (f) = P (L) and proved the rest part of the theorem. But this conclusion is true only
when (i)P (f) − P (c) = K1(f − c)
n and P (L) − P (c) = K2(L − c)
n, for some constant K1,K2, or
(ii)P (f) = P (L). In the proof of Theorem E clearly both the arguments (i) and (ii) fail and so in
general P (f), P (L) not suppose to share P (c) for any arbitrary f and L. In other words the proof of
Theorem E in [12] is not correct and so there is a gap in the proof of Theorem E.
Remark 1.3. According to the Theorem F [12] we have, if f and L share S = {w : P (w) = 0} IM,
then for n > max{2m+4, 4k+9} one can get f = L, where n,m, k and f,L are mentioned in Theorem
F. If possible let us assume for some m Theorem F holds. Then obviously from given condition we
have
n > 4k + 9 =⇒ n > 4n− 4m+ 9 =⇒ 4m > 3n+ 9
and n > 2m+ 4, both together implies 4m > 6m+ 21, which is absurd. So there exist no such m for
which Theorem F is true. Hence validity of Theorem F is also at stake.
In view of Remarks 1.2 and 1.3 we see that the very existence of the whole paper [12] is at stake.
In this paper we have improved Theorem D by relaxing the nature of sharing the set with the
notion of weighted sharing. We have also presented and proved the corrected form of Theorems E
and F on the uniqueness of L-function and meromorphic functions. Thus, Sahoo-Halder’s [12] results
have been fully rectified.
Before presenting the main results we invoke the definition of weighted sharing.
Definition 1.1. [7] Let k be a non-negative integer or infinity. For a ∈ C ∪ {∞} we denote by
Ek(a; f) the set of all a-points of f , where an a-points of f of multiplicity m (≤ k) counted m times
and m(> k) then it counted k + 1 times. If Ek(a; f) = Ek(a; g), we say that f, g share the value a
with weight k.
We write f, g share (a, k) to mean that f, g share the value a with weight k. Clearly if f, g share
(a, k) then f, g share (a, p) for any integer p, 0 ≤ p < k. Also note f, g share a value a IM or CM
f, g share (a, 0) or (a,∞) respectively.
Definition 1.2. [8] For S ⊂ C∪{∞}, we define Ef (S, k) = ∪a∈SEk(a; f), where k is a non-negative
integer or infinity. Clearly Ef (S) = Ef (S,∞).
In particular Ef (S, k) = Eg(S, k) and Ef ({a}, k) = Eg({a}, k) implies f and g share the set S and
the value a with weight k .
We first present the following theorem corresponding to Theorem D which provide the corrected
form of Theorem F as well.
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Theorem 1.1. Let S be defined as in (1.1). Also let f be a meromorphic function having finitely
many poles in C and L be a non-constant L-function such that Ef (S, s) = EL(S, s). If
(i) s ≥ 2 and n > 2m+ 4, or if
(ii) s = 1 and n > 2m+ 5, or if
(iii) s = 0 and n > 2m+ 10; then f = L.
The following corollary is obvious from the above theorem which also relax the CM sharing of S
in Theorem D to weight 2.
Corollary 1.1. Let S be defined as in (1.1) and n > 2m+ 4. Also let f be a meromorphic function
having finitely many poles in C and let L be a non-constant L-function. If Ef (S, 2) = EL(S, 2), then
f = L.
We note that as far as the set S is concerned, Theorem 1.1 is not valid for all m with gcd(n,m) = 1.
For example if we consider m = n − 1 for s ≥ 2, Theorem 1.1 is not applicable. An elementary
calculation will show that when 1 ≤ m < n−42 , for s ≥ 2, the theorem is valid. Similarly it can be
shown that for s = 1 or 0 then m will have some restrictions. So it will be interesting to investigate
the form of Theorem 1.1 for the rest values of m in order to complete the theorem. The following
theorem elucidate in this regard.
Theorem 1.2. Let S1 be defined as in (1.2), f be a meromorphic function having finitely many poles
in C and L be a non-constant L-function such that Ef (S1, s) = EL(S1, s). If
(i) s ≥ 2 and n > 2m+ 4, or if
(ii) s = 1 and n > 2m+ 5, or if
(iii) s = 0 and n > 2m+ 10; then f = L.
Corollary 1.2. In Theorem 1.2 we see that n+42 < k = n −m ≤ n − 1 and a close look will reveal
that this will supplement the values of m for the case s ≥ 2 in Theorem 1.1.
In Theorem C, c has been considered as non-zero, so it will be interesting to investigate the theorem
for c = 0. In the next theorem, we have rectified Theorem E considering two special form of c. However
we have not succeeded to get the result for any arbitrary c.
Theorem 1.3. Let S be defined as in (1.1) and f be a meromorphic function having finitely many poles
in C and let L be a non-constant L-function. Suppose Ef (S, s) = EL(S, s) and Ef ({c}, t) = EL({c}, t)
for some finite c ∈ (0, a1, a2, . . . , an−m) but c 6∈ S, where ai (i = 1, 2, . . . , n − m) are zeros of
nzn−m +ma. First suppose
(I) c = 0, t = 0 and
(i) s ≥ 2, n ≥ 2m+ 3 or
(ii) s = 1, n ≥ 2m+ 4 or
(iii) s = 0, n ≥ 2m+ 9; then we have f = L.
Next suppose
(II) c is a root of nzk +ma = 0, k = n−m and l = n. If
(i) s ≥ 2, t = 1 and n ≥ 2k + 3 or
(ii) s = 1, t = 0 and n ≥ 2k + 4 or
(iii) s = 0, t = 0 and n ≥ 2k + 7, then we have f = L.
We assume that the readers are familiar with the standard notations of Nevanlinna theory such as
the Nevanlinna characteristic function T (r, f), the proximity function m(r, f), the reduced counting
function N(r,∞; f), and so on, which are well explained in [5]. Here we use the symbol ρ(f) to denote
the order of a non-constant meromorphic function f , which is defined as
ρ(f) = lim sup
r−→∞
log+ T (r, f)
log r
By S(r, f) we mean any quantity satisfying S(r, f) = O(log(rT (r, f))), for all r possibly outside a
set of finite Lebesgue measure. If f is a function of finite order, then S(r, f) = O(log r) for all r. In
this paper we consider f as a non-constant meromorphic function having finitely many poles in C,
then clearly N(r,∞; f) = O(log r). We now explain some more notations and definitions which are
used in this paper.
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Definition 1.3. [7] For a ∈ C ∪ {∞} we denote by N(r, a; f |= 1) the counting function of simple
a points of f . For a positive integer s we denote by N(r, a; f |≤ s) (N(r, a; f |≥ s)) the counting
function of those a-points of f whose multiplicity are not greater(less) than s, where each a-point is
counted according to it’s multiplicity.
Also N(r, a; f |≤ s) (N(r, a; f |≥ s)) is defined similarly, where in counting the a-points counted
exactly once.
Definition 1.4. [8] We denote N2(r, a; f) = N(r, a; f) +N(r, a; f |≥ 2).
Definition 1.5. [8] If s is a positive integer, we denote by N(r, a; f |= s) the counting function of
those a points of f whose multiplicity is s, where each point counted according to its multiplicity.
Also N(r, a; f |= s) is defined similarly, where in counting the a-points counted exactly once.
Let z0 be a point of f and g of multiplicity p and q respectively. Then by N
1)
E (r, a; f) we denote the
counting function of those a-points of f and g where p = q = 1.
Definition 1.6. [8] Let f, g share a value a IM. We denote by N∗(r, a; f, g) the counting function of
those a-points of f whose multiplicities are different from multiplicities of the corresponding a-points
of g, where each a-points is counted exactly once.
Clearly N∗(r, a; f, g) = N∗(r, a; g, f) = NL(r, a; f) +NL(r, a; g).
Definition 1.7. [1] Let a, b1, b2, . . . , bq ∈ C ∪ {∞}. We denote by N(r, a; f | g 6= b1, b2, . . . , bq) the
counting function of those a-points of f , counted according to its multiplicity, which are not bi points
of g for i = 1, 2, . . . , q.
Definition 1.8. [2] Let P (z) be a polynomial such that P
′
(z) has mutually k distinct zeros given
by d1, d2, . . . , dk with multiplicities q1, q2, . . . , qk respectively. Then P (z) is said to satisfy the critical
injection property if P (di) 6= P (dj) for i 6= j, where i, j ∈ {1, 2, · · ·, k}.
2. lemma
Next, we present some lemmas that will be needed in the sequel. Henceforth, we denote by H , Φ
the following functions :
H =
(
F ′′
F ′
−
2F ′
F − 1
)
−
(
G′′
G′
−
2G′
G− 1
)
and
Φ =
F ′
F − 1
−
G′
G− 1
Lemma 2.1. [16] Let F and G share (1, 0) and H 6≡ 0. Then,
N
1)
E (r, 1;F ) ≤ N(r,H) + S(r, F ) + S(r,G).
Lemma 2.2. [7] If two non-constant meromorphic function F and G share (1,m) and H 6≡ 0 then,
N(r,∞;H) ≤ N(r, 0;F |≥ 2) +N(r, 0;G |≥ 2) +N∗(r, 1;F,G) +N(r,∞;F |≥ 2) +N(r,∞;G |≥ 2)
+N0(r, 0;F
′) +N0(r, 0;G
′),
where, N0(r, 0;F
′) is the reduced counting function for those zeros of F ′, which are not zeros of
F (F − 1) and N0(r, 0;G
′) is similarly defined.
Lemma 2.3. [11] Let P (f) =
∑n
k=0 akf
k/
∑m
j=0 bjf
j, be an irreducible polynomial in f , with con-
stants coefficient {ak} and {bj} where an 6= 0 and bm 6= 0. Then
T (r, P (f)) = dT (r, f) + S(r, f),
where d = max{m,n}.
Lemma 2.4. Let P (w) = wn + awm + b and P1(w) = w
n + awn−m + b be two polynomials, where
n and m be relatively prime positive integers and a, b be two non-zero constants. Then they are
critically injective polynomials with at most one multiple zero and at least n − 2 simple zeros, where
the multiplicity of the multiple zero is exactly 2.
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Proof. Clearly from the given polynomial P (w), we have P ′(w) = zm−1(nzn−m +ma). Suppose the
zeros of P ′(w) are 0, a1, a2, . . . , an−m, where a
,
is (i = 1, 2, . . . , n−m) are given as in Theorem 1.3.
Clearly P (0) 6= P (ai) for i = 1, 2, . . . , n−m. Now suppose contrary to the statement of the lemma,
ai, aj (1 ≤ i 6= j ≤ n−m), P (ai) = P (aj).
Now since ai, aj are the zeros of nz
n−m+ma, we have nan−mi +ma = na
n−m
j +ma =⇒ a
n−m
i =
an−mj , using this, from P (ai) = P (aj) we get a
m
i = a
m
j . Since gcd(n,m) = 1, then from a
n−m
i = a
n−m
j
and ami = a
m
j , we get ai = aj , a contradiction. Hence P (ai) = P (aj) =⇒ ai = aj or in other
words P (ai) 6= P (aj) for i 6= j. So from the definition it follows that P (w) is critically injective.
Also it is obvious from the definition of critically injective polynomial, it has at most one multiple
zero. For, if not then the two distinct multiple zeros say ζ1 and ζ2 would yield P (ζ1) = P (ζ2), where
ζ1, ζ2 ∈ {a1, a2, . . . , an−m}. Therefore P (w) must contain at most one multiple zero of multiplicity
two.
Similarly one can prove the result for P1(w) and hence the proof is complete. 
Lemma 2.5. [1] If F and G share (1, s) then
N(r, 1;F ) +N(r, 1;G) +
(
s−
1
2
)
N∗(r, 1;F,G)−N
1)(r, 1;F ) ≤
1
2
(
N(r, 1;F ) +N(r, 1;G)
)
.
Lemma 2.6. Let F = − f
n
afm+b and G = −
gn
agm+b , where f and g are any two non-constant mero-
morphic functions and n, m are relatively prime positive integers , such that n > m ≥ 1, and a,
b are non-zero finite constants. Let γi, i = 1, 2, . . . ,m are roots of aw
m + b = 0. If H 6= 0 and
Ef (S, s) = Eg(S, s) where S is defined as in (1.1) then,
n
2
(
T (r, f) + T (r, g)
)
≤ 2
(
N(r, 0; f) +N(r, 0; g) +N(r,∞; f) +N(r,∞; g)
)
+
m∑
i=1
(
N2(r, γi; f)
+N2(r, γi; g)
)
+
(
3
2
− s
)
N∗(r, 1;F,G) + S(r, f) + S(r, g).
Proof. Clearly here F and G share (1, s). By the Second Fundamental Theorem and using Lemmas
2.3, 2.1, 2.2 and 2.5 we have,
n(T (r, f) + T (r, g)) = T (r, F ) + T (r,G)
≤ N(r, 1;F ) +N(r, 0;F ) +N(r,∞;F ) +N(r, 1;G) +N(r, 0;G) +N(r,∞;G)
−N0(r, 0;F
′)−N0(r, 0;G
′) + S(r, F ) + S(r,G)
≤
n
2
(T (r, f) + T (r, g)) +N1)(r, 1, F ;G) +
(
1
2
− s
)
N∗(r, 1;F,G) +N(r, 0; f)
+N(r,∞; f) +N(r, 0; afm + b) +N(r, 0; g) +N(r,∞; g) +N(r, 0; agm + b)
−N0(r, 0;F
′)−N0(r, 0;G
′) + S(r, f) + S(r, g).
i.e.,
n
2
(T (r, f) + T (r, g))
≤ 2N(r,∞; f) + 2N(r,∞; g) + 2N(r, 0; f) + 2N(r, 0; g) +N2(r, 0; af
m + b)
+N2(r, 0; ag
m + b) +
(
3
2
− s
)
N∗(r, 1;F,G) + S(r, f) + S(r, g)
≤ 2
(
N(r, 0; f) +N(r, 0; g) +N(r,∞; f) +N(r,∞; g)
)
+
m∑
i=1
(
N2(r, γi; f) +N2(r, γi; g)
)
+
(
3
2
− s
)
N∗(r, 1;F,G) + S(r, f) + S(r, g).

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Lemma 2.7. Let F = −(fn+ afn−m)/b and G = −(gn+ agn−m)/b, where f and g be any two non-
constant meromorphic functions and n, m be relatively prime positive integers such that n > m ≥ 1,
and a, b be non-zero finite constants. Let δi, i = 1, 2, . . . ,m be the distinct roots of the equation
wm + a = 0. If H 6≡ 0 and Ef (S1, s) = Eg(S1, s) where S1 is defined as in (1.2). Then,
n
2
(
T (r, f) + T (r, g)
)
≤ 2
(
N(r, 0; f) +N(r, 0; g) +N(r,∞; f) +N(r,∞; g)
)
+
m∑
i=1
(
N2(r, δi; f)
+N2(r, δi; g)
)
+
(
3
2
− s
)
N∗(r, 1;F,G) + S(r, f) + S(r, g).
Proof. We omit the proof since this is similar to the proof of Lemma 2.6. 
Now before discussing the next lemmas we define some notations .
By Θ(Q(w)) we denote the number of distinct zeros of any polynomial Q(w) of degree d and here
χQd = 0 , when Θ(Q(w)) = d
= 1 , when Θ(Q(w)) = d− 1.
Lemma 2.8. Let F and G be defined as in Lemma 2.6 and share (1, s) then
NL(r, 1;F ) ≤
1
s+ 1
(
N(r, 0; f) +N(r,∞; f) + χPnN(r, αj ; f)
)
+ S(r, f),
where αj (1 ≤ j ≤ n− 1) be the multiple root of the equation P (w) = w
n + awm + b = 0.
Proof. In view of Lemma 2.4, first suppose that the equation P (w) = wn + awm + b = 0 has one
multiple root and assume that as αj (1 ≤ j ≤ n− 1). Then χ
P
n = 1.
NL(r, 1;F ) ≤ N(r, 1;F |≥ s+ 2)
≤ N(r, 0;F ′ |≥ s+ 1;F = 1)
≤
1
s+ 1
N(r, 0;F ′ |≥ s+ 1;F = 1)
≤
1
s+ 1
(
N(r, 0; f ′ | f 6= 0) +N(r, αj ; f)−No(r, 0; f
′)
)
≤
1
s+ 1
(
N(r, 0;
f ′
f
) +N(r, αj ; f)−No(r, 0; f
′)
)
≤
1
s+ 1
(
N(r,∞; f) +N(r, 0; f) +N(r, αj ; f)−No(r, 0; f
′)
)
+ S(r, f)
≤
1
s+ 1
(
N(r, 0; f) +N(r,∞; f) +N(r, αj ; f)−No(r, 0; f
′)
)
+ S(r, f),
where No(r, 0; f
′) = N(r, 0; f ′ | f 6= 0, α1, α2, . . . , αn−1).
Next suppose all the n roots of P (w) are distinct. Then χPn = 0, and also from above calculations
we have
NL(r, 1;F ) ≤
1
s+ 1
(
N(r, 0; f) +N(r,∞; f)−N(r, 0; f ′ | f 6= 0, α1, α2, . . . , αn)
)
+ S(r, f),
hence the proof is complete. 
Lemma 2.9. Let F and G be defined in Lemma 2.7, share (1, s) then
NL(r, 1;F ) ≤
1
s+ 1
(
N(r, 0; f) +N(r,∞; f) + χP1n N(r, βj ; f)
)
+ S(r, f),
where βj (1 ≤ j ≤ n− 1) be the multiple root of the equation P1(w) = w
n + awn−m + b = 0.
Proof. We omit this proof because it is similar to the proof of Lemma 2.8. 
Lemma 2.10. Let f be a non-constant meromorphic function having finitely many poles and L be a
L-function such that Ef (S, s) = EL(S, s), where S is defined as in (1.1). Then for n > 2,
fn
afm + b
.
Ln
aLm + b
6= 1.
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Proof. Contrary to the hypothesis let us take
fn
afm + b
.
Ln
aLm + b
= 1.
By Lemma 2.3 we have
T (r, f) = T (r,L) + S(r,L).(2.1)
Since f has finite number of poles and L has at most one pole, we have N(r,∞; f) = N(r,∞;L) =
O(log r). Also from Lemma 2.11 it is obvious that S(r, f) = S(r,L) = O(log r).
As mentioned in Lemma 2.6 we know that γ1, γ2, . . . , γm are roots of aw
m + b = 0. Let z0 be a
zero of afm + b with multiplicity p and also a zero of L with multiplicity q.
Then p = nq =⇒ p ≥ n.
Thus
N(r, γi; f) ≤
1
n
N(r, γi; f).
By the same arguments one can show
N(r, γi;L) ≤
1
n
N(r, γi;L)
Now using this, (2.1) and the Second Fundamental Theorem we get
mT (r, f) ≤ N(r, 0; f) +N(r,∞; f) +
m∑
i=1
N(r, γi; f) + S(r, f)
≤ N(r,∞;L) +N(r, 0; aLm + b) +
1
n
m∑
i=1
N(r, γi; f) +O(log r)
≤
2m
n
T (r, f) + O(log r),
which gives a contradiction.

Lemma 2.11. Let f be a meromorphic function having finitely many poles in C and S (or S1) be
defined as in (1.1) ((1.2)). If f and a non-constant L-function L share the set S (or S1) IM, then
ρ(f) = ρ(L) = 1.
Proof. We omit the proof as it can be found out in the proof of Theorem 5, {p. 6, [15]}. 
Lemma 2.12. Let F and G be defined in Lemma 2.6 such that they share (1, s) and f , g share {0}
IM, then
N(r, 0; f) = N(r, 0; g) ≤
1
n− 1
{N∗(r, 1;F,G) +N(r,∞; f) +N(r,∞; g) +N(r, 0; af
m + b)
+N(r, 0; agm + b)}+ S(r, f) + S(r, g).
Proof. Since f , g share (0, 0), it follows that
N(r, 0; f) = N(r, 0; g) ≤
1
n− 1
N(r, 0; Φ)
≤
1
n− 1
T (r,Φ) +O(1)
≤
1
n− 1
N(r,∞; Φ) + S(r, F ) + S(r,G)
≤
1
n− 1
(
N∗(r, 1;F,G) +N(r,∞;F ) +N(r,∞;G)
)
+ S(r, f) + S(r, g)
≤
1
n− 1
{N∗(r, 1;F,G) +N(r,∞; f) +N(r,∞; g) +N(r, 0; af
m + b)
+N(r, 0; agm + b)}+ S(r, f) + S(r, g).

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3. proofs of the theorems
Proof of Theorem 1.2. Let us consider F = −(fn + afn−m)/b and G = −(Ln + aLn−m)/b, where f
has finitely many poles. As f and L share S1 = {w : P1(w) = 0} with weight s, then clearly F and
G share (1, s).
It is given that f has finite number of poles, therefore N(r,∞; f) = O(log r). As L has at most
one pole, N(r,∞;L) = O(log r). Also from Lemma 2.11 we have ρ(f) = ρ(L) = 1. Therefore it is
obvious that, S(r, f) = S(r,L) = O(log r).
Let us consider H 6≡ 0.
Case I : Suppose wn + awn−m + b = 0 has no multiple roots. Then using Lemma 2.7, and Lemma
2.9 we have
n
2
T (r)(3.1)
≤ 2
(
N(r, 0; f) +N(r, 0;L)
)
+
m∑
i=1
(
N2(r, δi; f) +N2(r, δi;L)
)
+
(
3
2
− s
)
N∗(r, 1;F,G)
+O(log r)
≤ (2 +m)T (r) +
(
3
2
− s
)
(NL(r, 1;F ) +NL(r, 1;G)) +O(log r)
≤ (2 +m)T (r) +
(
3
2 − s
)
s+ 1
(N(r, 0; f) +N(r, 0;L)) +O(log r),
where T (r) = T (r, f) + T (r,L).
Clearly when
(i) s ≥ 2, n > 2m+ 4 or when
(ii) s = 1, n > 2m+ 5 or when
(iii) s = 0, n > 2m+ 10;
from (3.1) we get a contradiction.
Case II : Again considering consider wn + awn−m + b = 0 has a multiple root (say βj), i.e. the
equation has n− 1 distinct roots. Then proceeding same as in above (3.1) we get
n
2
T (r)(3.2)
≤ (2 +m)T (r) +
(
3
2 − s
)
s+ 1
(
N(r, 0; f) +N(r, 0;L) +N(r, βj ; f) +N(r, βj ;L)
)
+O(log r).
Clearly from (3.2) and in view of the conditions (i), (ii), (iii) given in Case I, we arrive at a contradiction
again.
Therefore H ≡ 0 and so integrating both sides we get,
1
G− 1
=
A
F − 1
+B,(3.3)
where A, B are two constants, A 6= 0. From Lemma 2.3 and (3.3) we have,
T (r,L) = T (r, f) +O(1).(3.4)
At first let B is non-zero. Then
G− 1 =
F − 1
A+B(F − 1)
.
If A − B 6= 0 then zeros of F + (A − B)/B are poles of G − 1 = −(Ln + aLn−m + b)/b. Now
F +(A−B)/B has at least n− 1 zeros for all 1 ≤ m < n. Then −(Ln+ aLn−m+ b)/b has more than
one pole implies L has more than one pole, which is a contradiction.
Therefore A−B = 0. Then
G− 1 =
F − 1
BF
.
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Using the same arguments for m > 2, one can show B = 0. But the argument fails if for m ≤ 2,
f has two exceptional values (say-ξ1, ξ2) or for m = 1, the same has one exceptional value (say-
v ∈ {0,−a}). Then using the Second Fundamental Theorem we will get a contradiction again. Hence
in any case B = 0. From (3.3) we have
G− 1 =
1
A
(F − 1).
i.e., (Ln + aLn−m + b) =
1
A
(fn + afn−m + b).
i.e., Ln + aLn−m + b−
b
A
=
1
A
(fn + afn−m).
Let us consider A 6= 1 then b/A 6= b. So wn + awm + b − b/A = 0 has atleast n − 1 distinct roots
(say pi, i = 1, 2, . . . , n− 1), then by the Second Fundamental Theorem, and (3.4) we get from above
(n− 2)T (r,L) ≤
n−1∑
i=1
N(r, pi;L) +N(r,∞;L) + S(r,L)
≤ N(r, 0; f) +
m∑
i=1
N(r, δi; f) +O(log r)
≤ (m+ 1)T (r, f) +O(log r),
which implies n ≤ m+ 3, a contradiction for n > 2m+ 4.
Therefore our assumption is wrong. Hence A = 1 and therefore
F = G.
Now,
fn − Ln = −a(fn−m − Ln−m).
i.e., Lm(hn − 1) = −a(hn−m − 1).
i.e., Lm = −a
hn−m − 1
hn − 1
.
At first assume h (= f/L) is a non-constant meromorphic function. Then since gcd(m,n)=1, for
n > 2m+ 4, from above we get L has more than one pole, which is a contradiction.
Therefore h is a constant, satisfying hn − 1 = hn−m − 1 = 0 =⇒ h = 1 =⇒ f = L.

Proof of Theorem 1.1. Let us consider F = − f
n
afm+b and G = −
L
n
aLm+b , where f has finitely many
poles. As f and L share S = {w : P (w) = 0} with weight s, i.e. Ef (S, s) = Eg(S, s) then clearly F
and G share (1, s). Let us consider H 6≡ 0.
Case I : Let us consider wn + awm + b = 0 has no multiple root. Then using Lemma 2.6 and Lemma
2.8 we have
n
2
T (r) ≤ 2
(
N(r, 0; f) +N(r, 0;L)
)
+
m∑
i=1
(
N2(r, γi; f) +N2(r, γi;L)
)
(3.5)
+
(
3
2
− s
)
N∗(r, 1;F,G) +O(log r)
≤ (2 +m)T (r) +
(
3
2
− s
)(
NL(r, 1;F ) +NL(r, 1;G)
)
+O(log r)
≤ (2 +m)T (r) +
(
3
2 − s
)
s+ 1
(
N(r, 0; f) +N(r, 0;L)
)
+O(log r).
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When
(i) s ≥ 2, n > 2m+ 4 or when
(ii) s = 1, n > 2m+ 5 or when
(iii) s = 0, n > 2m+ 10;
from (3.5), we get a contradiction.
Case II : Consider wn+ awm+ b = 0 has a multiple root (say αj), i.e. the equation has n− 1 distinct
roots. Then proceeding same as in (3.5) we get
n
2
T (r) ≤ (2 +m)T (r) +
(32 − s)
s+ 1
(
N(r, 0; f) +N(r, 0;L) +N(r, αj ; f) +N(r, αj ;L)
)
(3.6)
+O(log r).
Clearly from (3.6) and for the conditions (i), (ii), (iii) given in Case I, we again arrive at a contra-
diction.
Therefore from Case I and Case II we have H ≡ 0. In this respect, we have F and G share 1CM.
On integration we have
F =
AG+B
CG+D
,(3.7)
where A, B, C, D are constants such that AD −BC 6= 0. Thus by Lemma 2.3
T (r, f) = T (r,L) + S(r,L).(3.8)
As AD −BC 6= 0, so A = C = 0 never occur. Thus we consider the following cases:
Case 1 : AC 6= 0
In this case
F −
A
C
=
BC −AD
C(CG+D)
.
So,
N(r,
A
C
;F ) = N(r,∞;G).
Using the Second Fundamental Theorem and (3.8) we get
nT (r, f) +O(1) = T (r, F )
≤ N(r, 0;F ) +N(r,∞;F ) +N(r,
A
C
;F ) + S(r, F )
≤ N(r, 0; f) +N(r,∞; f) +N(r, 0; afm + b) +N(r,∞;L) +N(r, 0; aLm + b) + S(r, f)
≤ (2m+ 1)T (r, f) +O(log r),
which is a contradiction for n > 2m+ 4.
Case 2 : AC = 0.
Subcase 2.1 : A = 0 and C 6= 0.
In this case B 6= 0 and let us suppose D 6= 0. Then
F =
1
γG+ δ
,
where γ = C/B , δ = D/B. If F has no one point, then by the Second Fundamental Theorem we get
nT (r, f) +O(1) = T (r, F )
≤ N(r, 0;F ) +N(r,∞;F ) +N(r, 1, F ) + S(r, F )
≤ N(r, 0; f) +N(r,∞; f) +N(r, 0; afm + b) + S(r, f)
≤ (m+ 1)T (r, f) +O(log r),
gives a contradiction for n > 2m+ 4.
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Therefore 1 is not a exceptional value of F . So γ + δ = 1 and γ 6= 0.
So,
F =
1
γG+ 1− γ
.
Since D 6= 0 =⇒ δ 6= 0, we have γ 6= 1 and then by the Second Fundamental Theorem and (3.8) we
get
nT (r,L) +O(1) = T (r,G)
≤ N(r, 0;G) +N(r,∞;G) +N(r,−(1− γ)/γ;G) + S(r,G)
≤ N(r, 0;L) +N(r,∞;L) +N(r, 0; aLm + b) +N(r,∞; f) +N(r, 0; afm + b)
+S(r, g)
≤ (2m+ 1)T (r,L) +O(log r),
which gives a contradiction for n > 2m+ 4.
Thus our assumption is wrong, so D = 0 and γ = 1 which implies FG = 1, impossible by Lemma
2.10.
Subcase 2.2 : A 6= 0 and C = 0.
In this case D 6= 0 and
F = λG+ µ,
where λ = A/D and µ = B/D .
If F has no one point then proceeding similarly as above we get a contradiction.
Thus λ+ µ = 1 with λ 6= 0 and then
F = λG+ 1− λ.
Then N(r,−(1− λ)/λ;G) = N(r, 0;F ).
Using the Second Fundamental Theorem and (3.8) we get
nT (r,L) +O(1) = T (r,G)
≤ N(r, 0;G) +N(r,∞;G) +N(r,−(1− λ)/λ;G) + S(r,G)
≤ N(r, 0;L) +N(r,∞;L) +N(r, 0; aLm + b) +N(r, 0; f) + S(r, g)
≤ (m+ 2)T (r,L) +O(log r),
a contradiction for n > 2m+ 4.
Therefore λ = 1 and hence
F = G.
i.e., −
fn
afm + b
= −
Ln
aLm + b
.
i.e., aLm(1 − hn−m) = −b(1− hn).(3.9)
At first let us assume h (= L
f
) is a non-constant meromorphic function.
Then we have,
Lm = −
b(1− hn)
a(1− hn−m)
=
−b(h− u)(h− u2) . . . (h− un−1)
a(h− v)(h− v2) . . . (h− vn−m−1)
,
where gcd(n,m)=1 and u = exp 2πi
n
, v = exp 2πi
n−m
.
Since L has at most one pole in C, it follows that h has at least n−m−2 exceptional values among
{v, v2, . . . , vn−m−1}. Clearly this is a contradiction for n > 2m+ 4.
Hence in that case h is a constant meromorphic function. Now from (3.9) we have h = 1 =⇒ f =
L. 
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Proof of Theorem 1.3. Let F and G be defined as in Theorem 1.1. Clearly F , G share (1, s). We
consider two cases.
Case I : Let c = 0 and H 6≡ 0. It is given that f and L share (0, 0). From Lemma 2.2 we have
N(r,∞;H) ≤ N∗(r, 0; f,L) +N∗(r, 1;F,G) +N(r, 0; af
m + b |≥ 2) +N(r, 0; aLm + b |≥ 2)
+N0(r, 0;F
′) +N0(r, 0;G
′) +O(log r).
Using this and proceeding same as in Lemma 2.6 we obtain
n
2
T (r) ≤ 3N(r, 0; f) +
m∑
i=1
(
N2(r, γi; f) +N2(r, γi;L)
)
+
(
3
2
− s
)
N∗(r, 1;F,G)(3.10)
+O(log r),
Using Lemma 2.12 in (3.10) we have
n
2
T (r) ≤
3m
n− 1
T (r) +
m∑
i=1
(
N2(r, γi; f) +N2(r, γi;L)
)
+
(
3
2
+
3
n− 1
− s
)
N∗(r, 1;F,G)(3.11)
+O(log r).
First consider wn+ awm+ b = 0 has a multiple root (say αj). Then by Lemma 2.8 and proceeding
in the same way as done in Case II of Theorem 1.1, from (3.11) and for
(i) s ≥ 2, n ≥ 2m+ 3 or for
(ii) s = 1, n ≥ 2m+ 4 or for
(iii) s = 0, n ≥ 2m+ 9,
we can get a contradiction.
Next suppose wn + awm + b = 0 has no multiple roots, then dealing in the same way and by the
same arguments, again we can get a contradiction. Therefore H ≡ 0.
So we have F and G share (1,∞).
Now by integration we have
F =
AG+B
CG+D
,
where A,B,C,D are constant such that AD −BC 6= 0.
Again proceeding in the same manner as done in the last part of Theorem 1.1 we have
F = G.
i.e.,
fn
afm + b
=
Ln
aLm + b
.
Therefore f and L share 0 CM. Then considering h(= L
f
) 6= 1 we have
Lm =
−b(h− u)(h− u2) . . . (h− un−1)
a(h− v)(h− v2) . . . (h− vn−m−1)
,
where gcd(n,m)=1 and u = exp 2πi
n
, v = exp 2πi
n−m
.
The possible poles of L can come from poles of h and vj (j = 1, 2, . . . , n−m− 1) points of h.
Since L has at most one pole in C, it follows that for n ≥ 2m + 3, among these n − m values
of h, at least n − m − 1 ≥ m + 2 ≥ 3 are exceptional values, a contradiction. Hence in that case
h = 1 =⇒ f ≡ L.
Case II : It is given that c (6∈ S) is a root of nzn−m +ma = 0. Therefore c is not a zero of P (w).
Aiso it is given Ef (S, s) = Eg(S, s) and Ef ({c}, t) = Eg({c}, t). Let us define F = −
fn+afm
b
,
G = −L
n+aLm
b
. Then clearly F and G share (1, s).
According to the hypothesis we know that P (w) has no multiple zeros, i.e. αi, i = 1, 2, . . . , n
are distinct zeros of P (w). Without loss of generality we may assume c = an−m, where ai (i =
1, 2, . . . , n−m) are given in the statement of Theorem 1.3.
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Assuming H 6= 0 and from Lemma 2.2 we have
N(r,∞;H) ≤ N(r, 0; f) +N(r, 0;L) +
n−m−1∑
i=1
{N(r, ai; f) +N(r, ai;L)} +N∗(r, c; f,L) +N⊙(r, 0; f
′)
+N∗(r, 1;F,G) +N⊙(r, 0;L
′) +O(log r),
where N⊙(r, 0; f
′
) is the reduced counting function of those zeros of f ′ which are not zeros of f(f −
a1). . . . (f − an−m)(F − 1).
Next by the Second Fundamental Theorem and Lemma 2.5, Lemma 2.1 we get,
(2n−m)T (r)
≤ N(r, 0; f) +N(r, 0;L) +N(r,∞; f) +N(r,∞;L) +N(r, 1;F ) +N(r, 1;G)
+
n−m∑
i=1
(
N(r, ai; f) +N(r, ai;L)
)
−N⊙(r, 0; f
′)−N⊙(r, 0;L
′) + S(r, f) + S(r,L).
i.e.,
n
2
T (r)
≤ 2(N(r, 0; f) +N(r, 0;L)
)
+
(
3
2
− s
)
N∗(r, 1;F,G) + (k − 1)T (r) +NL(r, c; f) +NL(r, c;L)
+O(log r).
i.e.,
(3.12)
n
2
T (r) ≤ (k + 1)T (r) +
(
3
2
− s
)
N∗(r, 1;F,G) +
1
t+ 2
(N(r, c; f) +N(r, c;L)) +O(log r),
where k = n − m ≥ 1. Next using (3.12) and proceeding in the same way as done in Case I of
Theorem 1.1, for
(i) s ≥ 2, t = 1 and n ≥ 2k + 3, orfor
(ii) s = 1, t = 0 and n ≥ 2k + 4, orfor
(iii) s = 0, t = 0 and n ≥ 2k + 7,
we arrive at a contradiction.
Therefore H ≡ 0. Then integrating both sides we get,
1
G− 1
=
A
F − 1
+B,
where A(6= 0), B are two constants. Again proceeding in the same manner as done in the last part
of Theorem 1.2 we have
G− 1 =
1
A
(F − 1)
(Ln + aLm + b) =
1
A
(fn + afm + b)
Ln + aLm + b−
b
A
=
1
A
(fn + afm)
and dealing in the same way as in the rest part of Theorem 1.2 we will get f = L. 
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